
 �d�±� �®slst� :���r�� 
Ab��

Ah�CAq�¤  �d�±� �®slst� 1

©� ,Ty�Att� �y�A�� ­Cw} Yl� A¡ ¤d�  wk� ,�A`�Attm�� ��w�� �� �w� ¨¡ �®slstm��
�w� �®slstm��  ±¤ .n Yl� dmt`� Tmy� T�AR�� ��As�� �wm�m�� �� �wm�� �� �tn§
­d§d� �AqybW� Ah�  � Am� ,­d§d� �rW� Ah�CAq� TF�C �kmy� �A`�Attm�� �� QA�

.Ty�At�� �wOf��¤ �Of�� �@¡ ¨� A¡�rnF

�� T�wkm�� Tlslstm�� , �d�±� �� T`�Att� (ak)k∈N �kt� :�§r`� - 1-1
T�®`�A� ­AW`m�� (Sn)n∈N Ty¶z��� �y�A�m�� T`�Att� ¨¡ ak  ¤d���

Sn =
n∑

k=1

ak

.∑ ak z�r�A� Tlslstml� z�rnF¤ , Tlslstml� �A`�� d��A� ak Yms§
Tlslstm�� 
CAq�  �¤ ,Tlslstm�� 
CAq� TF�C Annkm§ An�� �§r`t�� �@¡ �� �R�w�� ��

.Ty¶z��� �y�A�m�� T`�Att� 
CAq� ¨n`§

�y�A�m�� T`�Att� 
�A� �Ð� Ty�CAq� ∑
ak Tlslstm��  � �Aq§ :�§r`� - 2-1

Ty¶z��� �y�A�m�� T`�Att� T§Ah�  � �wq� 
CAqt�� T�A� ¨�¤ ,Ty�CAq� Ah� Ty¶z���
	tk�¤ Tlslstm�� �wm�� ¨¡

∞∑

k=1

ak = lim
n→∞

Sn

Q�w��� �� ¾�ry�� �lt�� ¯ Ty�CAqt�� �®slstm�� T�wm�m� T§rb��� Q�w���
:Ty�At�� T§r\n�� ¨� AhOy�l� �km§¤ ,Ty�CAqt�� �A`�Attm�� T�wm�m� T§rb���
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 �� , �d�±� ��  Aty�CAq�  Atlslst� ∑
bk ¤

∑
ak �kt� :T§r\� - 3-1

Ah�wm��¤ Ty�CAq� ∑(ak + bk) Tlslstm�� (1)
∞∑

k=1

(ak + bk) =
∞∑

k=1

ak +
∞∑

k=1

bk

Ah�wm��¤ Ty�CAq� ∑ λak Tlslstm��  wk� λ ¨qyq�  d� ©± (2)
∞∑

k=1

λak = λ

∞∑

k=1

ak

.(??) �A`�Attml� ­rZAnm�� T§r\nl� rJAb� �ybW� T§r\n�� £@¡  A¡r�
:Tl��� - 4-1

.r AhFAF� TFdn¡ Tlslst� Yms� Tlslstm�� £@¡ ,
∑

rk−1 Tlslstm�� xCdn� (1)
:(r 6= 1  � |rf�) Ty�At�� Tq§rW�A� Sn 
As� �hs�� ��

Sn = 1 + r + r2 + · · ·+ rn−2 + rn−1

r Sn = r + r2 + r3 + · · ·+ rn−1 + rn

�tn§ �rW�A�
Sn(1− r) = 1− rn

 � ©�

Sn =
1− rn

1− r

 � ^�®n� rn C�dqml� r\n�  µ� 
CAqt�� TF�Cd�

lim
n→∞

rn =





0 A�dn� | r | < 1,
+∞ A�dn� r > 1,
Tny`� ry� A�dn� r < −1

 wk§ T�A��� £@¡ ¨�¤ | r | < 1  A� �Ð� Xq�¤ �Ð� Ty�CAq� Tlslstm��  �� ¨�At�A�¤
∞∑

k=1

rk−1 =
1

1− r

Tq§rW� Ty¶z��� Ah`y�A�� 
As� ¾AS§� �km§ ak = 1/k(k + 1) �y�
∑

ak Tlslstm�� (2)
:�¤rf�� Tq§rV Yms� TWys�

ak =
1

k(k + 1)
=

1

k
− 1

k + 1
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 �� ¨�At�A�¤

Sn = (1− 1

2
) + (

1

2
− 1

3
) + (

1

3
− 1

4
) + · · ·+ (

1

n− 1
− 1

n
) + (

1

n
− 1

n + 1
)

= 1− 1

n + 1

 � �tny�
lim
n→∞

Sn = 1

.Ty�CAq� Tlslstm��  � ©�

T�y}  A�§� An¡ �hs�� �� Hy� ,
∑

ak Tlslstm�� xCd�¤ ak = 1/k2, k ≥ 1  µ� @��n� (3)
 � ^�®n� ,r�� 
wlF± ��l� �@� Sn ¨¶z��� �wm�ml�

1

(k + 1)2 ≤
1

k(k + 1)
, k ≥ 1

¨W`§ A� w¡¤

Sn = 1 +
n∑

k=2

1

k2 ≤ 1 +
n∑

k=1

1

k(k + 1)
= 1 + 1− 1

n + 1
< 2

.Ty�CAq� Ah��� Yl�� �� ­ ¤d��¤ T§d§�z� (Sn)n∈N T`�Attm��  � �y�¤

:m ∈ N ¤ n = 2m A�dn� Sn �� �l`� �ÐA� «rn� ,
∑ 1

k
Tyq��wt�� Tlslstm�� xCdnF (4)

S2 = 1 +
1

2
=

3

2

S4 = 1 +
1

2
+

1

3
+

1

4
> 1 +

1

2
+

1

4
+

1

4
= 2

S8 = 1 +
1

2
+

1

3
+

1

4
+

1

5
+

1

6
+

1

7
+

1

8
> 2 +

1

8
+

1

8
+

1

8
+

1

8
=

5

2

:T�®`�� �AtntF� �km§
(1) S2m ≥ m + 2

2
�yq� T�®`�� T�} �R�w�� �� ,m Yl� ¨RA§r�� �AtntF¯A� T�®`�� £@¡ T�} 
b�nF
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:�AtntF¯� ­wW�  µ� �¡rb� ,n = 0, 1, 2, 3

S2m+1 =
2m+1∑

k=1

1

k

=
2m∑

k=1

1

k
+

2m+1∑

k=2m+1

1

k

(�AtntF¯� |r� ��) ≥ m + 2

2
+

2m+1∑

k=2m+1

1

k

(k ≤ 2m+1 ©±
1

k
≥ 1

2m+1  ±) ≥ m + 2

2
+

2m+1∑

k=2m+1

1

2m+1

≥ m + 2

2
+

2m

2m+1 =
m + 3

2

.(1) T�®`�� T�} ��Ð �� �tn§
.T§d�Ab� Tyq��wt�� Tlslstm��  � ©� ,limn→∞ Sn = +∞ :Y�� T�®`�� �l� © ¥�

�yty�CAq� �ytlslst� �wm�� �� ­CAb� ¨¡ ak =
1

3k
− 3

k2 �y�
∑

ak Tlslstm�� (5)

rb� T§r\� �� Ty�CAq� Tlslst� ¨�At�A� ¨h� bk =
1

3k
, ck = − 3

k2 �y�
∑

bk,
∑

ck

.Ty�CAqt�� �®slstm��

�k� ,
∑

(ak + 3 3
k2 ) 
CAq� �zlts§

∑
ak 
CAq�  �� ak =

1

k
− 3

k2 
�A� �Ð� :Hk`�� Yl� (6)
.T§d�Ab�

∑
ak Tlslstm��  �  Ð� �tn§ ,T§d�Ab�

∑ 1
k Tlsltm��¤ ak + 3 3

k2 = 1
k

:Yl� �O�n� ,�®slstm�� T�A�� �A`�Attm�� 
CAqt� ¨Jw� ªrJ Tm�r� ¾AS§� Annkm§
:¨Jw� ªrJ �q�� �Ð� Xq�¤ �Ð� 
CAqt� ∑ ak  �d�±� Tlslst� :T§r\� - 5-1

∀ε > 0∃n0 ∈ N
(
∀n > n0,∀p ∈ N∗ :

∣∣∣∣∣
n+p∑

k=n+1

ak

∣∣∣∣∣ < ε

)

¨Jw� ªrJ �q�� ¸�Ak§ (Sn)n∈N T`�Attm�� 
CAq�  � �l`� , Sn =
∑n

k=1 ak �S� - A¡r�
�q�� ©� ,(??) Ah�

∀ε > 0∃n0 ∈ N (∀n > n0,∀p ∈ N∗ : |Sn+p − Sn | < ε)

.T§r\n�� ¨� YW`m�� ¨Jw� ªrJ XbS�A� w¡ ªrK�� �@¡ �k�

55



 � ^�®� ak =
(−1)k

k
�y�

∑
ak Tlslstm�� xCdn� :�A�� - 6-1

1

n + k + 1
− 1

n + k + 2
≤ 1

n + k
− 1

n + k + 1

 wk§ ¨�At�A�¤

|Sn+p − Sn | =
1

n + 1
− 1

n + 2
+

1

n + 3
− 1

n + 4
+ · · ·+ (−1)p

n + p

≤ 1

n + 1
− 1

n + 2
+

1

n + 2
− 1

n + 3
+ · · ·+ (−1)p

n + p

≤ 1

n + 1
+

2

n + p
<

3

n + 1

.Ty�CAq� Tlslstm�� £@¡  � d�� ¨Jw� ªrJ ��d�tFA�
T�A¡ T�yt� ¨Jw� ªrJ �� �tn§

 �� Ty�CAq� ∑ ak  �d�±� Tlslst� 
�A� �Ð� :(�A`�� d��� CAbt��) T§r\� - 7-1

lim
n→∞

an = 0

¨Jw� ªrJ ¨� p = 1 �Rw� ­rJAb� T�ytn�� £@¡ �tn� - A¡r�

∀ε > 0∃n0 ∈ N (∀n > n0 : |Sn+1 − Sn | < ε)

.limn→∞ an = 0  � ¨n`§ A� w¡¤
d��� T§Ah�  � d�� A�dn� ��Ð¤ Tlslst� d�Ab� �Ab�³ ­ A� Tq�As�� T�ytn�� �d�ts�
�Rw§ Am� 
CAqt�� �Ab�³ Ah��d�tF� �km§ ¯ Amny� ,rfO�� ©¤As� ¯ Tlslstml� �A`��

.T§d�Ab� Ahnk� rfOl� �¤¥§ �A`�� A¡d� Tlslst� ¨h� :Tyq��wt�� Tlslstm�� �A��
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 8.1

¨¡ Tlslstm�� (1)
�A`�Attm�� ��w�� �� �w� ( ) ¨¶Ah�¯ �wm��( )
 �d�±� �� T�wm�m� ¨htn� �wm��( ) T`�Att� 
sy� ( )

∑
ak Tlslstm�� 
CAq� (2)

(ak)k∈N T`�Attm�� 
CAq� ¸�Ak§ ( ) (ak)k∈N T`�Attm�� 
CAq� �zlts§ ( )
(Sn)n∈N T`�Attm�� 
CAq� �zlts§( ) limn→∞

∑n
m=n0

ak ∈ R  � ¸�Ak§( )

Ty¶z��� Ah`y�A��  wk� Ty�CAq� Tlslst� ©� (3)
­ ¤d�� ( ) Tt�A� ( )
rfOl� �¤¥�( ) T§d§�z�( )

∑
ck  �� ck = ak − bk 
�A�¤ T§d�Ab� ∑

bk ¤ Ty�CAq� ∑
ak 
�A� �Ð� (4)

Ty�CAq� ( ) T§d�Ab� ( )
rfOl� �¤¥�( ) T§Ah�¯Aml� �¤¥�( )
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limn→∞ an = 0 =⇒ ∑
ak T§d�Ab� ( ) ∑

ak T§d�Ab�=⇒ limn→∞ an 6= 0 ( )
limn→∞ an 6= 0 =⇒ ∑

ak T§d�Ab� ( ) ∑
ak T§d�Ab� =⇒ limn→∞ an = 0( ) (5)

.�§CAm� 9.1

T�A� ¨�¤ ­rJAb� 
CAqt�� �§r`� ��d�tFA� Ty�At�� ∑ ak �®slstm�� �� �� 
CAq� xC � (1)
:Ah�wm�� d�¤� 
CAqt��

,ak = 3k (�)

,ak =
3k

πk
(
)

ak =
9

10k
(�)

ak =
1

(2k − 1)(2k + 1)
( )

ak =
2k + 1

k2(k + 1)2
(£)

ak =
k − 1

k!
(¤)

ak =
1

k(k + 1)(k + 2)
(E)

ak = ln(
(k − 1)(k + 1)

k2
) (�)

�k� mk = k − 1 �y�� T�y�O��  �d�±� �� T`�Att� m1, · · · ,mN �kt� ¤ N ∈ N∗ �ky� (2)
.¨FAy�  d� Ah�wm��¤ Ty�CAq� ∑ mk

k!
 � �¡r� .k > N

�S� .Sn =
∑n

k=1 ak �kt�¤  �d�±� �� Tlslst� ∑
ak �kt� (3)

σn =
1
n

(
n∑

k=1

Sk

)

.limn→∞ σn = A  �� A ©¤As§ Ah�wm��¤ Ty�CAq� ∑
ak 
�A� �Ð� ¢�� �¡r�

limn→∞ σn 
�A� �Ð� (Cesaró summable) ¤C�zyF Tq§rW� �m�l� Tl�A� Tlslstm��  � �Aq§
.­ w�w�

:�A`�� d��� CAbt��¤ ¨Jw� ªrJ ��d�tFA� Ty�At�� ∑
ak �®slstm�� 
CAq� xC � (4)

,ak = k (�)

,ak = (1 + 1
k )k (
)

,ak = (−1)k

k (�)

,ak = (−1)k

k(k+1) ( )

,ak = kk

k! (£)

.ak =
∑k

i=1(1/j)
k(k + 1)

(¤)


�A�  � ­CAb`�� �¡r� ,T·VA� �� T�y�} ­CAb`�� 
�A� �Ð� A� �R¤ Ty�µ� ��CAb`�� �� �k� (5)
.T·VA� Ah�� �yb§ ¾¯A�� X�� ¤� T�y�}

.T§d�Ab� ∑
(ak + bk)  ��  At§d�Ab� ∑

bk ¤ ∑
ak  Atlslstm�� 
�A� �Ð� (�)

.Ty�CAq� ∑
akbk  ��  Aty�CAq� ∑

(ak + bk)2 ¤ ∑
a2

k  Atlslstm�� 
�A� �Ð� (
)
.∑ ak

k(k+1)  �� Ty�CAq� ∑
ak 
�A� �Ð� (�)

.limn→∞ kak = 0  �� Ty�CAq� ∑
ak 
�A� �Ð� ( )

.Ty�CAq� ∑
akbk  �� limk→∞ bk = 0 
�A�¤ Ty�CAq� ∑

ak 
�A� �Ð� (£)
.Ty�CAq� ∑

akbk  �� limk→∞ bk = 1 
�A�¤ Ty�CAq� ∑
ak 
�A� �Ð� (¤)
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Tb�As�� ry�  ¤d��� ��Ð �®slstm�� 
CAq� ��CAbt�� 2

ª¤rKm�� 
CAqt��¤ �lWm�� 
CAqt��

T�wkm�� Tlslstm�� Amny� Ty�CAq�
∑

(−1)k/k Tlslstm��  � ��As�� �Of�� ¨� An§�C
Tlslst� Yms� Tlslstm�� £@¡ ��� .T§d�Ab� | ak | = 1

k  ¤d�l� TqlWm�� �yq�� ��
.
CAqt�� TV¤rK�

Tlslstm�� 
�A� �Ð� �lW�
CAq� Ty�CAq�∑ ak Tlslstm��  � �wq� :�§r`� - 1-2

Amny� Ty�CAq� 
�A� �Ð� ¾AV¤rK� ¾A�CAq� Ty�CAq� ∑ ak  � �wq�¤ .Ty�CAq�
∑ | ak |

.T§d�Ab� ∑ | ak |
­rybk�� n �yq� ¢�� �� �tn§ �lWm�� 
CAqt��  � T\�®m� �§r`t�� �@¡ �h� Annkm§
¢fyS� A� �Am¡� A¡dn� �km§ T�Cd� TqlWm�� Tmyq�� ¨� r�O�� T��A� an  ¤d���  wk�
�� ­CAJ³� ¨� Tflt��  wk� an  ¤d���  � �� ª¤rKm�� 
CAqt�� �tn§ Amny� ,�wm�ml�

.�A�AR³� ¨J®� Ahl`�§ Am� {`b�� AhS`�

.Ty�CAq� ∑ ak  �� �lW� 
CAq� Ty�CAq�
∑

ak Tlslstm�� 
�A� �Ð� :T§r\� - 2-2

ªrJ �� ,Ty�CAq� (Tn)n∈N  � |rf� Tn =
∑n

k=1 | ak | , Sn =
∑n

k=1 ak �S� - A¡r�
An§d� 
CAqtl� ¨Jw�

∀ε > 0∃n0 ∈ N (∀n > n0,∀p : |Tn+p − Tn | ε)
 � �y�¤

|Sn+p − Sn | =
∣∣∣∣∣

n+p∑

k=n+1

ak

∣∣∣∣∣ ≤
n+p∑

k=n+1

| ak | = Tn+p − Tn

 ��
∀ε > 0∃n0 ∈ N (∀n > n0,∀p : |Sn+p − Sn | ε)

.Ty�CAq�
∑

ak  � �tn§ Ty�A� ­r� ¨Jw� ªrJ ��d�tFA�
Tb�wm��  ¤d��� ��Ð �®slstml� 
CAqt�� ��CAbt��

A�dn� ¢�± ��Ð¤ ª¤rKm�� 
CAqt�� TF�C �� ¾Aybs� �hF� �lWm�� 
CAqt�� TF�C 
�Ð� 
CAqt� ¨�At�A�¤ T§d§�z�  wk� (Sn)n∈N Ty¶z��� �y�A�m�� T`�Att�  �� an ≥ 0  wk�
�®slstml� 
CAqt�� ��CAbt�� �¤� ¨l§ Amy� 
b�nF ,Yl�� �� ­ ¤d�� 
�A� �Ð� Xq�¤

:Tb�wm��  ¤d��� ��Ð
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Yl� Tb�AF ry�¤ TyO�An�¤ TlOt� T�� f �kt� :(��Akt�� CAbt��) T§r\� - 3-2
 �� .limk→∞ ak = 0 �q�� ak = f(k) �kt�¤ ,[1, +∞[ ­rtf��

­ w�w� E = limn→∞
(∑n

k=1 ak −
∫ n

1 f(x) dx
)

T§Ahn��  � Am� (1)
 wk§¤∣∣∣∣∣

n∑

k=1

ak −
∫ n

1
f(x) dx− E

∣∣∣∣∣ = O(an)

�t`m�� ��Akt��  A� �Ð� Xq�¤ �Ð� 
CAqt� ∑
ak  �d�±� Tlslst� (2)
.¨�CAq�

∫∞
1 f(x) dx

T��d�� �r`� Am� en =
∑n

k=1 ak −
∫ n

1 f(x) dx �S� - A¡r�

g(x) = ak ⇐⇒ x ∈ [k, k + 1], k ∈ N∗

.x ∈ [k, k + 1[ �k� ak = g(x) ≥ f(x) ≥ ak+1  � �R�w�� ��

x
0 5 10 15 20 25

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

(�CE±A�) g(x) ,(rm�±A�) f(x) Yn�n�
��Ð ��¤∫ n

1
f(x) dx ≤

∫ n−1

1
g(x) dx =

n−1∑

k=1

ak
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:¨�At�A� An§d�

en − en+1 =
n∑

k=1

ak −
n+1∑

k=1

ak +

∫ n+1

1
f(x) dx−

∫ n

1
f(x) dx

=

∫ n+1

n

f(x) dx− an+1 ≥ 0

(TyO�An� f  ±)

en =
n∑

k=1

ak −
∫ n

1
f(x) dx

≥
n∑

k=1

ak −
n−1∑

k=1

ak = an ≥ 0

¨qyq�  d`� Ty�CAq� Ah��� ¨�At�A� ,�fF� �� ­ ¤d��¤ TyO�An� (en)n∈N T`�Attm��  � ©�
.E

:�� �tn� T§r\n�� ¨� Ty�A��� Tn§Abtm��

em − E = lim
k→∞

em − em+k+1

= lim
k→∞

m+k∑
n=m

(en − en+1)

= lim
k→∞

m+k∑
n=m

∫ n+1

n

f(x) dx− an+1

≤ lim
k→∞

m+k∑
n=m

(an − an+1)

= lim
k→∞

am − am+k+1 = am

.em − E = O(am)  � 
b�§ A� w¡¤
An§d�

Sn =
n∑

k=1

ak = en +

∫ n

1
f(x) dx = en + In

Tlslstm��  � ©� ,(In)n∈N 
CAq� ¸�Ak§ (Sn)n∈N 
CAq�  �� Ty�CAq� (en)n∈N  � �y�¤
.¾Ay�CAq� �t`m�� ��Akt��  A� �Ð� Xq�¤ �Ð� Ty�CAq�

��Akt�� CAbt�� �bW�¤ f(x) = 1/xp @��� , p > 0 �y�
∑

1/kp Tlslstm�� xCdn� :�A�� - 4-2
A�dn� 
CAqt� Tlslstm�� ¨�At�A� ,p > 1 
�A� �Ð� Xq�¤ �Ð� ¨�CAq�

∫∞
1 f(x) dx ��Akt��  � d�n�
.p ≤ 1 A�dn� d�Abt�¤ p > 1

:T�CAqm�� CAbt�� w¡ Tb�As�� ry�  ¤d��� ��Ð �®slstm�� 
CAqt� ¨FAF±� CAbt�¯�
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 �� Ty�CAq� ∑ bk 
�A�¤ 0 ≤ ak ≤ bk 
�A� �Ð� :(T�CAqm�� CAbt��) T§r\� - 5-2

.Ty�CAq� ∑ ak

¨Jw� ªrJ �� .Ty�CAq�
∑

bk  � |rfn�¤ ,Tn =
∑n

k=1 bk ¤ Sn =
∑n

k=1 ak �ky� - A¡r�
 � d��

∀ε > 0∃n0 ∈ N (∀n > n0,∀p : Tn+p − Tnε)

 � �y�¤

Sn+p − Sn =

n+p∑

k=n+1

ak ≤
n+p∑

k=n+1

bk = Tn+p − Tn

 ��
∀ε > 0∃n0 ∈ N (∀n > n0,∀p : Sn+p − Snε)

.¨Jw� ªrJ ��
∑

ak 
CAqt� © ¥§ A� w¡¤
C@��� CAbt��¤ Tbsn�� CAbt�� Am¡  Aylm�  �r��  �CAbt�� T�CAqm�� CAbt�� �� �tn§

:¨�wn��

 �� ` = limk→∞
ak+1

ak

�A�¤ 0 < ak 
�A� �Ð� :(Tbsn�� CAbt��) T§r\� - 6-2

.Ty�CAq�  wk� ∑ ak  �� ` < 1 T�A� ¨� (1)

.T§d�Ab�  wk� ∑ ak  �� ` > 1 T�A� ¨� (2)

- A¡r�
 � ¨RA§r�� �AtntF¯� ��d�tFA� 
b�� ,` < ρ < 1 �y�� ρ @��n�¤ ` < 1 �kt� (1)

ak ≤ a1ρ
k−1 = bk

T�CAqm�� CAbt�� �� �tn§ ,Ty�CAq� ¨h� ρ < 1 AhFAF�
∑

a1ρ
k TyFdnh�� Tlslstm��  � �y�¤

.Ty�CAq�
∑

ak  �

 � ¨RA§r�� �AtntF¯� ��d�tFA� 
b�� ,` > ρ > 1 �y�� ρ @��n�¤ ` > 1 �kt� (2)

ak ≥ a1ρ
k−1

T�CAqm�� CAbt�� �� �tn§ ,T§d�Ab� ¨h� ρ > 1 AhFAF�
∑

a1ρ
k TyFdnh�� Tlslstm��  � �y�¤

.T§d�Ab�
∑

ak  �

` = limk→∞ k√ak 
�A�¤ 0 < ak 
�A� �Ð� :(¨�wn�� C@��� CAbt��) T§r\� - 7-2
 ��

.Ty�CAq�  wk� ∑ ak  �� ` < 1 T�A� ¨� (1)

.T§d�Ab�  wk� ∑ ak  �� ` > 1 T�A� ¨� (2)
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.��As��  A¡rbl� ¢�AK� - A¡r�
:Tl��� - 8-2

Am�) Ty�CAq�
∑

1/k2  � �y�¤ ak ≤ 1/k2  � �R�w�� �� , ak =
1

k2(ln k + 5)
�kt� (1)

.(T�CAqm�� CAbt�� ��) AS§� Ty�CAq�
∑

ak  �� (��Akt�� CAbt�� ��d�tFA� Antb��

,k ≥ 2 =⇒ 1
k! ≤ 1

k(k−1) T�CAq� ¨¡ Y�¤±� :�ytq§rW�
∑ 1

k! Tlslstm�� 
CAq� �Ab�� �km§ (2)
CAbt��  �� (­rJAb� Ty¶z��� �y�A�m�� 
As� �km§) Ty�CAq�

∑ 1
k(k−1) Tlslstm��  � �y�¤

.
∑ 1

k! Tlslstm�� 
CAqt� © ¥§ T�CAqm��
:Tbsn�� CAbt�� ��d�tF� ¨¡ Ty�A��� Tq§rW��

lim
k→∞

1/(k + 1)!

1/k!
= lim

k→∞
1

k + 1
= 0 < 1

.Ty�CAq�
∑ 1

k!  �� ¨�At�A�¤

 � �Ab�� �hs�� �� , ak = k−k/3 �kt� (3)

lim
k→∞

k√ak = lim
k→∞

k−1/3 = 0

.Ty�CAq�
∑

ak  � d�¥§ ¨�wn�� C@��� CAbt��  �� ¨�At�A�¤

:Tl��� - 9-2

d�n� Tbsn�� CAbt�� �d�ts� ,
∑ 1

k!
Tlslstm�� 
CAq� xCdn� (1)

lim
k→∞

ak+1

ak
= lim

k→∞
1

k + 1
= 0 < 1

.Ty�CAq� Tlslstm��  �� ¨�At�A�¤

 � d�� ,Tlslstm�� 
CAq� TF�Cd� ¨�wn�� C@��� CAbt�� �d�ts� ,
∑ 1

kk
�kt� (2)

lim
k→∞

k√ak = lim
k→∞

1
k
√

kk
= lim

k→∞
1

k
= 0 < 1

.Ty�CAq� Tlslstm��  � ©�

�bWn§ CAbt�³� ��Ð �k� ,Tbsn�� CAbt�� ��d�tFA� Ah�CAq� TF�C �km§
∑ k!(−1)k

kk
Tlslstm�� (3)

:TqlWm�� �yq�� �� ��A`t� �@� ,Tb�As�� ry�  ¤d��� ��Ð �®slstm�� Yl� Xq�

lim
k→∞

∣∣∣∣
ak+1

ak

∣∣∣∣ = lim
k→∞

(
k

k + 1

)k

=
1

e
< 1

.�lW� 
CAq� Ty�CAq� Tlslstm��  �� ¨�At�A�¤
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 � d�� ,Tlslstm�� 
CAq� TF�Cd� ¨�wn�� C@��� CAbt�� �d�ts� ,
∑ 2k

k10 �kt� (4)

lim
k→∞

k√ak = lim
k→∞

2k
√

k10 = lim
k→∞

2(k
√

k)10 = 2 > 1

.T§d�Ab� Tlslstm��  � ©�

:Ty�At�� ��CAb`�� �� �� �W� ¤� T�} xC � .Tl·F� 10.2
Tlslstm��  �� ¨�CAq�

∫∞
1 f(x) dx  A�¤ TlOt�¤ TyO�An� T�� f : [1, +∞[−→ R 
�A� �Ð� (�)

.Ty�CAq� ∑
f(k)

.f(x) = −1/x T��d�� Yl� ��Akt�� CAbt�� �ybWt� (−1)k

k
Tlslstm�� 
CAq� �AtntF� �km§ (
)

.Ty�CAq� ∑
ak  �� Ty�CAq� ∑

bk 
�A�¤ 0 ≤ ∑n
k=1 ak ≤

∑n
k=1 bk 
�A� �Ð� (�)

.∑ bk Tlslstm�� d�Ab� �zlts§ ∑
ak Tlslstm�� d�Ab�  �� 0 ≤ ak ≤ bk : k∀ 
�A� �Ð� ( )

∫∞
1 g(x) dx ¤ f(x) ≤ g(x) 
�A�¤ Tb�w�¤ TyO�An�¤ TlOt� f, g : [1, +∞ −→ R 
�A� �Ð� (£)

.Ty�CAq� ∑
f(k) Tlslstm��  �� ¨�CAq�

.Ty�CAq� ∑
ak Tlslstm��  �� limk

bk+1

bk
= 1 
�A�¤ 0 ≤ ak < bk : k∀ 
�A� �Ð� (¤)

.∑ ak 
CAq� �zlts§ ∑
bk 
CAq�  �� limk→∞

ak

bk
= 1 
�A� �Ð� (E)

.�§CAm� 11.2

:Ty�µ� ∑
ak �®slstm�� �� �� 
CAq� TF�Cd� T�CAqm�� CAbt�� �d�tF� (1)

,ak =
1

k2 + 3
(�)

,ak =
1

ek + k3
(
)

,ak =
1

ln k
(�)

,ak =
k2

k4 + 1
( )

,ak =
k3

k4 + 1
(£)

,ak =
k3 cos k

k4 + 2
(¤)

.ak =
10k + k

k210k − k
(E)

∑
ak �®slstm�� �� �� 
CAq� TF�Cd� ¨�wn�� C@��� CAbt�� ¤� Tbsn�� CAbt�� �d�tF� (2)

:Ty�µ�

,ak =
1

(2k)!
(�)

,ak =
1

k2k+1
(
)

,ak =
(2k)!
(k!)2

(�)

,ak = (1− 1
k
)k2 ( )

,ak =
kek+2

(k + 1)3k
(£)

,ak = (
3
2
)k (1− 1

2k
)k2 (¤)

.ak = (cos 1)k (E)

:(
�A� ¨qyq�  d`� z�r� p) Ty�µ� ∑
ak �®slstm�� �� �� 
CAq� xC � (3)
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,ak =
k1000

ek
(�)

,ak =
k + 3k

k3 + ek
(
)

,ak =
√

k2 + 3− k (�)

,ak = k−p sin(
1
k2

( )

,ak =
1

k(ln k)p
(£)

,ak =
1

k ln k(ln ln k)p
(¤)

,ak = (ln k)kp (E)

,ak =
1

(ln k)ln k
(�)

,ak =
1

(ln ln k)ln ln k
(ª)

.ak = kp

(
1√
k
− 1√

k + 1

)
(©)

:�y�� A  d� d�w§ ¢�� �¡r� (4)

,
n∑

k=1

1
k2

=
1
n

+ A + O(
1
n

) (�)

,
n∑

k=1

1
k3

=
1
n2

+ A + O(
1
n2

) (
)

,
n∑

k=1

ln k

k
=

1
2

ln2 n + A + O(
ln n

n
) (�)

,
n∑

k=1

1
k ln k

= ln lnn + A + O(
1

n ln n
) ( )
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